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ON POWER SERIES EXPANSIONS OF THE S-RESOLVENT OPERATOR 

AND THE TAYLOR FORMULA 

FABRIZIO COLOMBO AND JONATHAN GANTNER 


Abstract. The 5-functional calculus is based on the theory of slice hyperholomorphic 
functions and it defines functions of n-tuples of not necessarily commuting operators or of 
quaternionic operators. This calculus relays on the notion of 5-spectrum and of 5-resolvent 
operator. Since most of the properties that hold for the Riesz-Dunford functional calculus 
extend to the S-functional calculus it can be considered its non commutative version. In 
this paper we show that the Taylor formula of the Riesz-Dunford functional calculus can be 
generalized to the S-functional calculus, the proof is not a trivial extension of the classical 
case because there are several obstructions due to the non commutativity of the setting in 
which we work that have to be overcome. To prove the Taylor formula we need to introduce 
a new series expansion of the 5-resolvent operators associated to the sum of two n-tuples 
of operators. This result is a crucial step in the proof of our main results, but it is also of 
independent interest because it gives a new series expansion for the 5-resolvent operators. 

This paper is devoted to researchers working in operators theory and hypercomplex analysis. 
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1. Introduction 

The theory of slice hyperholomorphic functions, introduced in the last decade, turned out 
to be an important tool in operator theory. We call slice hyperholomorphic functions two 
classes of hyperholomorphic functions: the slice monogenic and the slice regular ones. Slice 
monogenic functions are defined on subsets of the Euclidean space M” +1 and have values 
in the real Clifford algebra M n , while slice regular functions are defined on subsets of the 
quaternions and are quaternion-valued. These two sets of functions are in the kernel of 
a suitable Cauchy-Riemann operator and so they constitute the class of hyperholomorphic 
functions for which the S-functional calculus is defined. This class of functions plays the 
analogue role of the holomorphic functions for the Riesz-Dunford functional calculus. 
Precisely, when the S-functional calculus is based on slice monogenic functions, it defines 
functions of n-tuples of not necessarily commuting operators, see [4, 11, 13, 18], its com¬ 
mutative version is in [16], while when we consider slice regular functions the S-functional 
calculus defines functions of quaternionic operators (the quaternionic functional calculus), 
see [11, 14, 15]. To define the S-functional calculus a new notion of spectrum for n-tuples of 
operators and for quaternionic operators has been introduced. It is called S-spectrum and it 
naturally arise from the Cauchy formula of slice hyperholomorphic functions. For a global 
picture of the function theory and of the S-functional calculus see the book [19]. 

There exists a continuous functional calculus for quaternionic bounded linear normal opera¬ 
tors in a Hilbert space which is based on the notion of S-spectrum and it has been considered 
in [22], On the S-spectrum is also based a spectral theorem for quaternionic unitary operators 


Key words and phrases, n-tuples of non commuting operators, quaternionic operators, the Taylor formula 
for the S-functional calculus S-spectrum, right S-resolvent operator, left S-resolvent operator. 
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see [10] whose proof uses a theorem of Herglotz in [9]. For the spectral theorem of compact 
quaternionic normal operators see [23]. For the spectral theorem based on the S-spectrum 
for quaternionic bounded or unbounded normal operators see the paper [?]. 

In this paper we will formulate our results for the case of n-tuples of non commuting operators, 
but what we prove here holds also for the quaternionic functional calculus. 

Let us recall the Taylor formula for the Riesz-Dunford functional calculus, see [20] p.590 for 
more details, and then we show its generalization to our setting. 

Let A and N be bounded commuting operators on a complex Banach space X. Let f be an 
analytic function on a domain D C C that includes the spectrum cr (A) of A and every point 
within a distance of a (A) not greater than some positive number e. Suppose that the spectrum 
(j(N) of N lies within the open circle of radius £ about the origin. 

Then f is analytic on a neighborhood of a (A + N) and the series 


“ fHM) 

f(A + N) = - -M-AT 


m =0 


ml 


converges in the uniform operator topology. 

One of the main points in the proof of this theorem is the series expansion of the resolvent 
operator R( A, A + N) := (A/ — A — iV) -1 in terms of the resolvent of A and in powers of N. 
Precisely the series 

OO 

V X (A, N ) := R ( X , A) m+1 N m (1.1) 

m =0 

converges uniformly for A in a set whose minimum distance from cr(A) is greater than e, and 
since A and N commute it is easy to verify that 


V\(A, N)(\I - A - N) = (A/ — A — N)V\(A, N) =1 , 
so V\(A,N ) is the required power series expansion for the resolvent operator of A + N. 


In the case of n-tuples of not necessarily commuting operators we will see that the ana¬ 
logue of (1.1) is not so easy to find, but despite this difficulty we are still able to prove the 
Taylor formula. 

Let Tj : V —» V, j = 0,1,...,n be bounded K-linear operators defined on a real Banach 
space V. Associated with this (n + l)-tuple of operators we define the paravector operator T 
as T := To + e\T\ + ... +T n where ej, j = 1,..., n are the units of the real Clifford algebra 
R n . In this paper it will always consider bounded paravector operators. 

The S-spectrum of T is 

as(T) := {s 6 M n+1 : T 2 — 2Re(s)T + \s\ 2 X is not invertible}. 

The S'-resolvent set is defied as ps(T ) = M n+1 \ as(T), the left S'-resolvent operator is 

S2\s,T) := -(T 2 - 2Re(s)T + \s\ 2 l)-\T - si), s € p s (T) 

and the right S’-resolvent operator is 

S] t 1 (s,T) := —(T — sl)(T 2 — 2Re(s)T + |s| 2 Z) _1 , s £ p s (T). 

In this case the analogue of the power series (1.1) requires a new series expansion for the 
S-resolvent operators which involves, for n > 0, the operator 

S“ n (s, T) := (T 2 - 2 s 0 T + |s| 2 X)“ n (sX - T)* tn , s G p s (T) 

where the Newton binomial (si — T)* en is computed allowing s and T to commute in a sense 
explained in the sequel. When we assume that the bounded paravector operators T and N 
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commute and are such that crs(N ) C F? e (0). Then, for any s G Ps(T ) with dist(s, crg(T)) > e, 
we obtain the following expansions for the S-resolvent operators: 

OO OO 

Sl\s,T + N) = J2 Nn S~ {n+1 \s,T) and S^{s,T + N) = ^ S~ {n+1) {s,T) N n . 

71—0 71—0 

Moreover, these series converge uniformly on any set C with dist(C, as(T)) > e. 

A crucial fact to obtain these series expansions is to prove the invertibility of the term 

(T + N) 2 - 2s 0 (T + N) + \s\ 2 l 

under the required conditions on the operators T and N. 

Precisely, in Theorem 6.3, it is proved that if T and N are bounded paravector operators 
that commute and are such that crg( N) is contained in the open ball B e ( 0), then, when 
dist(s, (Js{T)) > £, we have that s G ps(T + N ) and 

OO / 7i \ 

((T + N) 2 - 2s 0 {T + N) + |s| 2 l) _1 = 1^2 Sl {k+1) (s,T)* £ S~ {n ~ k+1) {s,T) N n , 

n =0 \k =0 / 

where the series converges in the operator norm. 

With the above results we are the able to prove the Taylor formula for the 5-functional 
calculus: under the conditions that T,N G are such that T and N commute and 

(ts(N) C R e (0), given a slice hyperholomorphic function / defined on some suitable domain 
U that contains <7g(T) and every point s G M n+1 with dist(s, crs(T)) < e, we have 

OO 

/(T + N) = ^2 N n — (dg f) (T). 

^ n! 

An analogous formula holds for right slice hyperholomorphic functions. The Taylor formula 
can be applied, for example, in the case that N is a Riesz projector of the 5-functional 
calculus associated with T, because in this case TN = NT. 

The 5-resolvent operators defined above are also important in the realization of Schur func¬ 
tions in the slice hyperholomorphic setting, see [1, 3, 5, 6, 7]. For Schur analysis in the 
classical case see [2, 8]. 

The plan of the paper is as follows. In Section 2 we recall the main results on slice monogenic 
functions that are useful in the sequel. Here we also recall the notion of holomorphic maps 
of a paravector variable which allows us to consider axially symmetric domains that do not 
necessarily intersect the real line. This is necessary in order to study our problem without 
restrictions on the set C such that dist(C, crg(T)) > e, (see the introduction). In Section 3 
we recall the main results on the 5-functional calculus that we will use in the sequel. In 
Section 4 we give an alternative proof of the invertibility of the operator T 2 — 2Re(s)T + \s\ 2 X 
for ||T|| < |s| using the product of the two power series T n s -1-n and 

which both converge for ||T|| < |s|. A more direct proof first appeared in [22] in the quater- 
nionic setting. In Section 5 we consider slice hyperholomorphic powers of the 5-resolvent op¬ 
erators that we will use in Section 6 in order to prove the Taylor formula for the 5-functional 
calculus in Theorem 6.6. 

This paper is devoted to researchers working in operators theory and in hypercomplex anal¬ 
ysis, for this reason we recall the main results in both research areas in order to make it 
accessible to both communities. 

2. Preliminary results in function theory 

We advise the reader that in the following the symbol n is a natural number that indicates 
the number of imaginary units of the real Clifford algebra M n , the dimension of the Euclidean 
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space R n+1 , but it will be used also as an index. The context makes clear the meaning of the 
symbol. In this section we recall the fundamentals of the theory of slice hyperholomorphic 
functions, see [19]. 

Let R n be the real Clifford algebra over n imaginary units e±,..., e n satisfying the relations 
eiej + ejei = 0 for i / j and e 2 = — 1 or, equivalently, 

CyCj T ejei — dij - (2.2) 

An element in the Clifford algebra will be denoted by ^2 A e A x A where A = £ 

V{1, 2,... , n}, ii < ... < v is a multi-index and eA = e^e^ ... e^, eg = 1. An element 
( xq,x \,... ,x n ) € R n+1 will be identified with the element x = xq + x = xq + J2j=i x j e j ^ 
which is called a paravector. The real part xq of x will also be denoted by Re(x). The norm 
of x £ R n+1 is defined by \x\ 2 = Xq + x 2 + ... + x 2 and the conjugate of x is defined as 
x = xo — x = xq — Xo=i x j e j- Let 

S := {x = e\X\ + ... + e n x n \ x\ + ... + x„ = 1}. 

For I £ S, we obviously have I 2 = —1. Given an element x = xq + x £ M n+1 , we set 


4 : = 


x/\x\ 

any element of § 


if x / 0 
if x = 0. 


Then x = u + I x v with u = x o and v = \x\. 

For any element x = u + I x v £ M n+1 , the set 

[x] := {y £ R n+1 : y = u + Iv, I £ §} 

is an (n — l)-dimensional sphere in M” +1 . The vector space M + /M passing through 1 and 
I £ § will be denoted by Cj and an element belonging to C j will be indicated by u + Iv with 
u, v £ I. 

Since we identify the set of paravectors with the space M n+1 , if U C M n+1 is an open set, a 
function / : U C M n+1 -a M n can be interpreted as a function of a paravector x. 


Definition 2.1 (Slice hyperholomorphic functions). Let U C M n+1 be an open set and let 
f : U -A R n be a real differentiable function. Let I £ § and let fj be the restriction of f to 
the complex plane C/. 

The function f is said to be left slice hyperholomorphic (or slice monogenic) if, for every 
I £ S, it satisfies 

1 2{^ /,(U + Iv) + I i f,(U + Iv) ) =° 

on U CiCj. We denote the set of left slice hyperholomorphic functions on the open set U by 
SM l (U). 

The function f is said to be right slice hyperholomorphic (or right slice monogenic) if, for 
every I £ S, it satisfies 

on U <lCj. We denote the set of right slice hyperholomorphic functions on the open set U by 
SM r (U). 


Any power series of the form Y^=o xna n with ag £ R n , for l £ N, is left slice hyperholo¬ 
morphic and any power series of the form 'ff(( = ob n x n with bi £ R n , for l £ N, is right slice 
hyperholomorphic. Conversely, at any real point, any left or right slice hyperholomorphic 
function allows a power series expansion of the respective form. 
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Definition 2.2. Let U C R n+1 be open. The slice derivative of a function f £ SA4 L (U ) is 
the function defined by 

d s f(u + Iv) := i + Iv ) - II(u + Iv)^j 

for u + Iv £ U. 

The slice derivative of a function f € SM R (U) is the function defined by 
d s f(u + Iv) := i (^./>('« + Iv) - J^//(it + Iv ) I ^j 

for u + Iv £ U. 

Lemma 2.3. Let U C R n+1 be open. If f £ SM L {U), then d s f € SM L {U). If f £ 
SM R {U), then d s f £ SM R {U). 

Remark 2.4. Note that the slice derivative coincides with the partial derivative with respect 
to the real part since 

d s f(u + Iv) = ^ (j^fi(u + Iv) - I^fi{u + Iv)j 

= I (Ia ( “ +I v)+ ^ /,( “ +Iv) ) = t Mu+Iv) 

for any left slice hyperholomorphic function. An analogous computation shows the respective 
identity for right slice hyperholomorphic functions. 

We denote by B r (y) the open ball in R n+1 of radius r > 0 and centered at y £ R n+1 . 

Lemma 2.5. Let y = yo £ R. A function f : B r (y ) C R n+1 —> R n is left slice hyperholomor¬ 
phic if and only if 

oo 

f{ x ) = Y J X n -dff{y). 

z ' n\ 

n =0 

A function f : B r (y ) C R n+1 —> R„ is right slice hyperholomorphic if and only if 

OO 

f {x ) = Y / -dff(y)x n . 

^o n! 

Lemma 2.6 (Splitting Lemma). Let U C R n+1 be open and let f : U R n be a left slice 
hyperholomorphic function. For every I = I\ £ S, let I 2 , ■■■, I n be a completion to a basis 
of R n that satisfies the relation (2.2), that is I r I s + I s I r = —2 5 rjS . Then there exist 2 n ~ 1 
holomorphic functions Fa : U D Cj —> Cj such that for every z £ U fl Cj 

n —1 

Mz) = £ F A (z)I A 
I .A 1=0 

where I A = In'" Ii s for any nonempty subset A = {ii < ... < of {2,... ,n} and 1/ = 1. 
Similarly, if g : U —> H is right slice hyperholomorphic, then there exist 2 n ~ 1 holomorphic 
functions G A : U fl Cj —> C/ such that for every z £ U fl Cj 

n—1 

gr( z ) = ^2 I A G A (z). 

|A|=0 

Slice hyperholomorphic functions possess good properties when they are defined on suitable 
domains which are introduced in the following definition. 
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Definition 2.7 (Axially symmetric slice domain). Let U be a domain in M n+1 . We say that 
U is a slice domain (s-domain for short) i/17nM is nonempty and ifUdCj is a domain in 
C j for all I € §. We say that U is axially symmetric if, for all x € U, the (n — 1 )-sphere [x] 
is contained in U. 


Theorem 2.8 (The Cauchy formula with slice hyperholomorphic kernel). Let U C M n+1 be 
an axially symmetric s-domain. Suppose that d(U D C j) is a finite union of continuously 
differentiable Jordan curves for every I e § and set dsj = — dsl for I G §. 

• If f is a (left) slice hyperholomorphic function on a set that contains U then 

f( x ) = ^~[ Sf 1 (s,x)ds I f(s) (2.3) 

Jd(U nCj) 

where 

Sf 1 (s, x) := — (x 2 — 2Re(s)x + |s| 2 ) -1 (x — s). (2.4) 

• If f is a right slice hyperholomorphic function on a set that contains U, then 

f( x ) = f f(s)ds I Sf i 1 (s,x) (2.5) 

^ JdiunCL 

where 

Sf i 1 (s,x) := —(x — s)(x 2 — 2Re(s)x + |s| 2 ) -1 . (2-6) 

The integrals depend neither on U nor on the imaginary unit I £ S. 


The above Cauchy formulas are the starting point to define the S-functional calculus. A 
crucial fact about slice hyperholomorphic functions is the following Representation Formula 
(also called Structure Formula). 

Theorem 2.9 (Representation Formula). Let U C H be an axially symmetric s-domain and 
let I G S. 

• If f is a left slice hyperholomorphic function on U, then the following identity holds 
true for all x = u + Jv € U: 


f(u + Jv) = i f(u + Iv ) + f(u - Iv ) 


,1 


+ J ~ 


I[f(u - Iv) - f{u + Iv)\ 


Moreover, for all £ I with u + Iv G U, the quantities 
a(u, v ) := - f(u + Iv) + f(u — Iv) and /3(u, v) := - I[f(u — Iv) — f[u + Iv)) 


(2.7) 


( 2 . 8 ) 


are independent of the imaginary unit I G §. 

If f is a right slice hyperholomorphic function on U, then the following identity holds 
true for all x = u + Jv £ U: 


f(u + Jv) = ^ f(u + Iv) + f(u - Iv) 


+ 


1 


[f{u- Iv) - f(u + Iv)]I 


J. 


Moreover, for all with u + Iv € U, the quantities 


a(u, v) := - f(u + Iv)+f(u — Iv) and (3(u, v) := - [f(u — Iv) — f(u + Iv)]I 
are independent of the imaginary unit I G §. 


(2.9) 

( 2 . 10 ) 


Lemma 2.10 (Extension Lemma). Let I G § and let U be a domain in C/ that is symmetric 
with respect to the real axis. Then the set 

\U] = {u + Jv : u + Iv € U, J G §} 

is an axially symmetric s-domain. 
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Any function f : U —>• H that satisfies J^f{u + Iv) + I-j%f{u + Iv) = 0 has a unique left slice 
hyperholomorphic extension ext£,(/) to [U], which is determined by 


ext L (/)0 + Jv) = i f(u + Iv) + f(u - Iv) 


+ j\ I[f(u - Iv) - f(u + Iv)] 


Any function g :£/—>• M that satisfies iif(u + Iv) + ■§^f(u + Iv)I = 0 has a unique right 
slice hyperholomorphic extension ext_ r(/) to [U], which is determined by 


ext R (f)(u + Jv) = i f(u + Iv) + f(u - Iv) 


1 

+ 2L 


[f(u-Iv) - f(u + Iv)\I 


J. 


The product of two slice hyperholomorphic functions is in general not slice hyperholomorphic. 
We introduce now a regularized product that preserves the slice hyperholomorphicity. 


Definition 2.11. Let f and g be left slice hyperholomorphic functions on an axially symmet¬ 
ric slice domain. Let I € § and let fi(z) = X)|A|=o an< ^ 9i( z ) = X)|s|=o Gb{z)Ib as 
in Lemma 2.6. We set 

fi*m(z) := (-1 )-Fa(z)G b (z)I a I b + (-1 ) — Fa(z)Gb(z)I a Ib 

\A\ even ,B \A\ odd,B 

for z £ U n C/ and we define the left slice hyperholomorphic product of f and g as 

f*eg ■= ext L{fi*m)- 

For two right slice hyperholomorphic functions f and g, we write fj(z ) = X^|A|=o IaFa(z) 
and gi(z) = Yab\=oI B Gb(.z) as in Lemma 2.6 and set 

fi*r9i(z):= ]T (-1 )^I A IbFa(z)G b (z)+ (-1 )^ I A I B FI^)G b (z) 

A,|5| even A,|i3| odd 

for z £ U n Cj and we define their right slice hyperholomorphic product as 

f* r g ■= ext R{fi* r gi)- 

Remark 2.12. Let /, g 6 SAA L (U) and let I G §. If fi(U n C j) C Cj, then Fa = 0 if 
\A\ > 0. Hence, ( fi*egi )( x ) = fj(x)gj(x) for any x £ U (~l C/. However, note that this does 
not necessarily imply ( f*ig)(x) = f(x)g(x) for all x G U because, in general, ext L(figi) f 9- 
Similarly, if f. g £ SAi R (U) and gi(U flC/) C C/, then (fk r g)(x) = f(x)g(x) for any 

x e u n C/. 

Lemma 2.13. Let U C M n+1 be an axially symmetric slice domain. 

(i) If f,g € SM. l (U), then f-k^g is left slice hyperholomorphic and does not depend on 
the imaginary unit I used in its definition. If f,g £ SA4 R (U), then f* r g is right slice 
hyperholomorphic and does not depend on the imaginary unit I used in its definition. 

(ii) The left and the right slice hyperholomorphic product are associative and distributive 
over the pointwise addition. 

(in) For two left slice hyperholomorphic power series f(x) = x?la n an d 9( x ) = o x n dn, 

we have 

oo / n \ 

f*eg( x ) = E** E O'kbn—k J • (2.11) 

n=0 \k= 0 / 

For two right slice hyperholomorphic power series f(x) = YlnLo a nX n an d g( x ) = 
Y^=o h nX n , we. have 

oo / n \ 

f* r g{x) = 5 ~2 a kK-k ] x 11 - 

n= 0 \k =0 J 


( 2 . 12 ) 
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Definition 2.14. Let U C M n+1 be an axially symmetric s-domain and let I £ §. For 
f £ SM l (U), we write fj(z) = q Fj\{z)Ia as in Lemma 2.6 and define 

ff(z) := E FMlA - Y, F aWa - E F M I A + E F a(z)Ia, 

|A|=0 |A|=1 \A\=2 |A|=3 

where the equivalence = is intended as = (mod4), i.e., the congruence modulo 4. We define 
the left slice hyperholomorphic conjugate of f as 

f c := ext L (ff) 

and we define the left slice hyperholomorphic inverse of f as 

r n ■= u c ^f)~ l r- 

For g £ SM R (U), we write gi(z) = ^" 41 1 0 IaGa(z) as in Lemma 2.6 and define 

gj(z) := E IaGIW- E IaGa(z)- E IaGI® + E IaG a {z). 

|A|=0 |A|=1 \A\=2 |A|=3 

We define the right slice hyperholomorphic conjugate of g as 

g c := ext R (gj) 

and we define the right slice hyperholomorphic inverse of g as 

g~* e ■= g c {g c * r g)~ l - 
Lemma 2.15. Let U be an axially symmetric s-domain. 

(i) If f € SFA l {U), then f c is left slice hyperholomorphic on U and does not depend 
on the imaginary unit used in its definition. If g G SAi R (U), then g c is right slice 
hyperholomorphic on U and does not depend on the imaginary unit used in its definition. 

(ii) If f € SA4 l (U ) then f~* l is left slice hyperholomorphic on the set U \ [Z(f)], where 
Z(f) = {x eU : f(x) = 0} and [Z(f)] = \J xGZ ( f) [x]. Moreover, 

f-*‘*ef = fnf~ M = 1 . 

If g £ SM. R (U) then g~* r is left slice hyperholomorphic on the set U \ [Z(g)\ and 

g~* r * r g = g* r g~* r = 1 - 

Definition 2.16. Let U C R ra+1 be open. We define 

M(U) ■= {/ € SM h {U) : f(U n Cj) c C/ V/ e §} . 

The class M(U) plays a privileged role within the set of left slice hyperholomorphic functions. 
It contains all power series with real coefficients and any function that belongs to it is both 
left and right slice hyperholomorphic. 

Lemma 2.17. Let U be an axially symmetric slice domain. 

(i) If f £ M(U), g 6 SM l {U) and h € SM R {U), then 

f(x)g(x) = (f*eg){x) = ( g*d)(x ) and h(x)f(x) = ( h* r f)(x ) = (f* r h)(x). 

(ii) If f £ N{U), then f c = f and /“*< = f~* r = f~\ 

(Hi) If f € SM l (U), then f* e f c € Af{U). If f e SM R {U), then f* r f c £ AI(U). 

Example 2.18. Let s £ M n+1 . We consider the function f(x) = s — x, which is both left 
and right slice hyperholomorphic. Then f c (x) = s — x = ~s — x, and in turn (f*ef c )(x) = 
x 2 — 2(s+s)x+ss = x 2 — 2sqx+\s\ 2 by (Hi) in Lemma 2.13. This function belongs toAf(W n+1 ) 
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because its coefficients are real, and hence i€C/ implies f*if c (x ) G C j. Moreover, the left 
slice hyperholomorphic inverse of f is 

(s — x)~* e = (x 2 — 2sox + |s| 2 ) _1 (s — x) = Sf 1 (s, x). 

Similarly, the right slice hyperholomorphic inverse of f is 

(s — x)~* r = (s — x)(x 2 — 2sox + l^l 2 )” 1 = Sf i 1 (s, x). 

The S-functional calculus was constructed using the notion of slice hyperholomorphic func¬ 
tions given in Definition 2.1. The most important properties of slice hyperholomorphic func¬ 
tions are based on the Representation Formula or Structure Formula which is not easy to 
deduce from this definition. Such formula is deduced using the hypotheses that the domain 
on which / is defined is axially symmetric and it is an s-domain. From the representation 
formula it follow that a slice hyperholomorphic function is of the form f = a + 1/3. Precisely 
Corollory 2.2.20 in [19] claims: Let U C R ri+1 be an axially symmetric s-domain, and D CM 2 
be such that u + Iv G U whenever (u,v) G D and let f : U M n . The function f is a slice 
monogenic function if and only if there exist two differentiable functions a, f3 : D CR 2 -> M n 
satisfying a(u,v ) = a(u,—v), /3(u,v ) = —/3(u,—v) and the Cauchy-Riemann system 

= “ (2.i3) 

o u /3 + o v a = 0 v ' 

and such that 

f(u + Iv) = a(u,v) + I(3(u,v). (2-14) 

Remark 2.19. A different approach to define slice hyperholomorphic functions is to consider 
functions of the form f = a + 1/3 such that a and f3 satisfying a{u, v) = a(u, —v), j3(u , v) = 
—/3(u, —v) and the Cauchy-Riemann system. In this case the Representation formula, and as 
a consequence the Cauchy formula can be stated removing the hypothesis that the domain 
of definition U is an s-domain. It is enough to require that it is axially symmetric. This 
is because with this definition the representation formula now is easily obtained from the 
definition f(u + Iv) = a(u, v) + I(3(u, v ). 

In a sense we can claim that Definition 2.1 contains more functions then the functions defined 
as f(u + Iv) = a(u,v) + Ij3(u,v). To obtain them we need an additional condition on the 
domain, to be an s-domain, but if we already assume that f(u + Iv) = a(u,v) + I/3(u,v) 
plus a{u,v) = a(u,—v), f3{u,v) = —j3(u,—v) and the Cauchy-Riemann system then we can 
remove the condition s-domain. This approach as been used in [24] to study slice regularity 
on real alternative algebras. 

For the purpose of this paper, in order to remove any restriction we need domains that are 
axially symmetric only so the slice hyperholomorphicity is intended in this second definition. 
In this paper we leave both definitions because the S-functional calculus and its properties 
are proved with Definition 2.1 on axially symmetric s-domains, but with the definition in the 
above remark we can remove the fact that we take s-domains. For more comments on the 
various definitions of slice hyperholomorphic functions see the paper [12]. 

3. The S-functional calculus of non commuting operators 

For the results in this section see the book [19] and [11]. In the sequel, we will consider 
a Banach space V over M with norm || • ||. It is possible to endow V with an operation 
of multiplication by elements of M n which gives a two-sided module over M n . A two-sided 
module V over is called a Banach module over K n , if there exists a constant C > 1 such 
that ||ua|| < C||u|||a| and ||av|| < C'|a|||u|| for all v G V and a G M n . By V n we denote V <8>M n 
over M n ; V n turns out to be a two-sided Banach module. 

An element in V n is of the type va®£a (where A = i\ ... i r , in G {1,2,..., n}, i\ < ... <i r 
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is a multi-index). The multiplications of an element v £ V n with a scalar a £ M n are defined 
by va = Y1a v a <8> (e^a) and av = J2a v a <S> (ae^)- For simplicity, we will write Y1a v MA 
instead of Y1a v a <8> e^- Finally, we define ||t;||y = Iju^Hy. 

We denote by B(V) the space of bounded M-homomorphisms of the Banach space V to itself 
endowed with the natural norm denoted by || ■ ||^(y). Given Ta £ B(V), we can introduce the 
operator T = Y^a^Ma and its action on v = Y v B e B £ V n as T{y) = Ya b^(^b)^a^b- 
The operator T is a right-module homomorphism which is a bounded linear map on V n . 

In the sequel, we will consider operators of the form T = Tq + Yj=i e jTj where Tj £ B(V) for 
j = 0,1,..., n. The subset of such operators in B(V n ) will be denoted by £> 0,1 ( V n ). We define 
||T||,g o ,i(y n ) = Yj ||7}||b(v). Note that, in the sequel, we will omit the subscript B 0,1 (V n ) in 
the norm of an operator. Note also that \\TS\\ < ||T||||5||. 

Theorem 3.1. Let T £ B 0,1 (V n ) and let s £ M n+1 . Then, for ||T|| < |s|, we have 

OO 

^T n s"i- n = -(T 2 - 2Re{s)T+ \s\ 2 l)~ l {T-si), (3.15) 

n =0 
oo 

S- l ~ n T n = -(T - sI)(T 2 - 2Re(s)T + | s\ 2 Z)~ l . (3.16) 

n =0 

We observe that the fact that these formulas hold is independent of whether the components of 
the paravector operator T commute or not. Moreover the operators on the right hand sides of 
(3.15) and (3.16) are defined on a subset of M n+1 that is larger than {s £ M n+1 : ||T|| < |s|}. 
This fact suggests the definition of the 5-spectrum, of the 5-resolvent set and of the 5- 
resolvent operators. 

Definition 3.2 (The 5-spectrum and the 5-resolvent set). Let T £ B 0,1 (V n ). We define the 
S-spectrum as(T) of T as 

as{T) := {-s £ R ra+1 : T 2 — 2R e(s)T + |s| 2 Z is not invertible}. 

The S-resolvent set ps(T) is defined as 

p s (T) :=R n+1 \a s (T). 

Definition 3.3 (The 5-resolvent operators). For T £ B 0,1 (V n ) and s £ ps(T), we define the 
left S-resolvent operator as 

5^(5,T) := —(T 2 — 2Re(s)T + |s| 2 Z) -1 (T — si), (3.17) 

and the right S-resolvent operator as 

5^ 1 (s,T) := —(T — sI)(T 2 — 2Re(s)T + |s| 2 Z) -1 . (3.18) 

The operators 5)) 1 (s,T) and Sfi 1 {s,T) satisfy the equations below, see [11]. 

Theorem 3.4. Let T £ £> 0,1 (!4) and let s,p £ ps(T). Then we have 
Sfi\s,T)SZ\p,T) = [( Sfi\s,T)-SZ\p,T))p-s(S] i 1 (s,T)-Sf:\p,T))}(p 2 -2 S op+\s\ 2 )-\ (3.19) 
Moreover, the resolvent equation can also be written as 

‘^'r 1 ( s ; T)Sf 1 {p, T) = (s 2 —2p 0 s+|p| 2 ) -1 [ s (5 i ^ 1 (s, T) —5^ x (p, T)) — (Sf}{s, T)—Sf 1 (p, T))p]. (3.20) 

Here we recall the formulations of the S-functional calculus. We first recall two important 
properties of the S-spectrum. 

Theorem 3.5 (Structure of the 5-spectrum). Let T £ B°' l {y n ) and suppose that p = po + p 
belongs as(T ) with p 0. Then all the elements of the (n — 1 )-sphere \p\ belong to as(T). 
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This result implies that if p G crg(T) then either p is a real point or the whole (n — l)-sphere 
[p] belongs to <75 (T). 

Theorem 3.6 (Compactness of the S'-spectrum) . Let T G B Q ' l (V n ). Then crs(T) is a compact 
nonempty set that is contained in the closed ball {s G R n+1 : |s| < ||T||}. 

Definition 3.7. Let V n be a two-sided Banach module, let T G B 0 , 1 (V n )and let U C R n+1 be 
an axially symmetric s-domain that contains the S-spectrum as(T) such that d(U flCj) is 
the union of a finite number of continuously differentiable Jordan curves for every I G §. In 
this case we say that U is a T-admissible domain. 

We can now introduce the class of functions for which we can define the two versions of the 
S-functional calculus. 

Definition 3.8. Let V n be a two-sided Banach module and let T G £> 0,1 (V^). 

(%) A function f is said to be locally left slice hyperholomorphic on as (T) if there exists a 
T-admissible domain U C R n+1 such that f is left slice hyperholomorphic on some open 
set W with U C W. We denote by SJ\A^ s , T ) the set of locally left slice hyperholomorphic 
functions on <75 (T). 

(ii) A function f is said to be locally right slice hyperholomorphic on as(T) if there ex¬ 
ists a T-admissible domain U C R n+1 such that f is right slice hyperholomorphic on 
some open set W with U C W. We denote by SAA^ s ^ the set of locally right slice 
hyperholomorphic functions on as(T). 

(Hi) We define the class A f as {T) as the set of all locally left slice hyperholomorphic functions 
on as(T ) that satisfy f(U n Cj) C C/,/ G S for some axially symmetric slice domain 
U with ag(T) C U. 

Definition 3.9 (The S-functional calculus). Let V n be a two-sided Banach module and 
T G S 0 , 1 (14,). Let U C R n+1 be a T-admissible domain and set dsi = —dsl. We define 

f(T) = ^[ Sf\s,T) dsj f(s), for fGSM L as[T) , (3.21) 

27r JdiuaC!) y ’ 

and 

f(T) = ^[ f(s)ds I S] i 1 (s,T), for fGSM* s(T) . (3.22) 

27r JdiuaC!) K ’ 

Lemma 3.10. Let V n be a two-sided Banach module and T G B 0,1 (V n ). 

(i) Let f,g G and let a G H. Then (fa + g)(T ) = / (T)a + g(T). Moreover, if 

f G A r as (T), then (fg)(T) = f(T)g{T). 

(ii) Let f,g G and let a £ EL Then (af + g)(T) = a/(T) + g(T). Moreover, if 

g G Afa S (T), then ( fg)(T ) = f(T)g(T). 

(Hi) Let f n , f G or f n , f G SAd() s ( T ,. If there exists a T-admissible domain U such 

that f n —y f uniformly on U, then f n (T ) —> f(T) in the operator norm. 

4. Another proof of the invertibility of T 2 — Re(s)T + |s| 2 I for ||T|| < |s| 

To determine the closed form of the noncommutative Cauchy kernel series as in Theorem 3.1.3 
of [19], traditionally, one shows the identity 

(T 2 - 2Re(s)T + |s| 2 X) ^ T n s^~ n = sl-T. 

n> 0 
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For ||T|| < |s|, the invertability of si — T implies, 

-(T - sX) _1 (T 2 - 2Re(s)T + |s| 2 X) Y T 


= 1. 


n> 0 


The following computations show explicitly that the identity 


E r 

\n =0 


m^—n— 1 1 (—^ 


(si - T)-\T 2 - 2Re(s)T + \s\ 2 Z) = 1 


(4.23) 


also holds true for ||T|| < |s|. 

Recall that by Theorem 4.14.6 in [19], we have: 


(si - T)- 1 = ^(s-^rs- 1 for ||T|| < |s|. 


n =0 


Therefore 


E t 

\n=0 


rig—n— 1 


(si - T) _1 (T 2 - 2Re(s)r + |s| 2 X) 

= | T n s~ n ~ l J ( ^s- l (Ts - l ) n J (T 2 -2Re(s)T+|s| 2 X) 


\n =0 
oo n 


\n=0 


n— 0 k =0 
oo n 

^2^2T k S - k (Ts~ 1 


k s~ k ~ 1 8~ 1 (Ts~ 1 ) n ~ k (I a - 2Re(s)T + \s\ 2 l) 

1 


—— 1 \n—k 


T 2 -(s- 1 + s~ 1 )T + l) , 


n=0 k =0 

where the last equality follows from 1 = l/|s| 2 . To simplify this sum, we need two 

auxiliary lemmas. 

Lemma 4.1. Let T £ £> 0,1 (T4). For any s € H, we have 


Y T k s~ k (Ts~ 1 ) n ~ k = T n Y s~ k s~ n+k . (4.24) 

k =0 k =0 

Proof. For n = 0 the identity (4.24) is trivial. If we assume that it holds true for n — 1, then 


/n —1 


YT k s~ k (Ts - 1 


■—l\n—fc 


k=0 


Y T k s~ k (Ts- 1 ) n - 1 - k Ts - 1 + T 

k =0 / 

71—1 \ 

T n_1 ^ s -fcg-(n-l)+fc j T --l + T 


n 5 71 




/c=0 


71—1 


T n Y s~ k s~ n+k + T n s~ n 


k =0 




s~ k s~ n+k , 


k =0 


where we used that s ks ^ rea ^ an d therefore commutes with T because 

71—1 


71—1 


71 — 1 


Y^ s ~kg-(n-l)+k _ s -(n-l)+fc-fe _ g -fcg-(n-l)+fc 


k=0 


k =0 


k=0 
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Lemma 4.2. Let T G B 0,1 (V n ) and s£l. If we define 


S(m) = 


—— 1 \n—k 


n= 0 k =0 


T 2 -(s-' + s-^T + l 


for m G No, then 


m+1 


S(m) =1- T m+1 Y s~ k s-( m+1)+k + T m+2 -^ E 


s - k s~ m+k . 


k =0 


k =0 


Proof. From Lemma 4.1, we deduce 


S(m) = 22J2 Tks ~ k ( T *~ 1 

n =0 /c=0 


77— l\n—k 


t T 2 - (s~ l +s~ l )T + 1 


m n 


^E r ‘E* -« 

n =0 k =0 


— k——n+k 


TloT 2 - (s- 1 + 8~')T + I 


Since Ylk =o s ks n+k rea l ^ commutes with T. Together with the identity 1/1 s | 2 = 
this implies 


m n 


s -k--n+k 


k =0 


g -(fc+l)-— n+k 


+ E r "E- 

n =0 k =0 


S(m) = Y T n+2 -E J2 s~ k s~ n+k - J2 T n+1 (s~ L Ps- 1 )^ 

n=0 k=0 n=0 

m n m n 

_ jm+2 s ~ (fc+1)—— (n+l)+fc _ jm+1 

n=0 k=0 

m n 

_ y Tn+1 Y s~ k s~^ n+i)+k + E T " E 


n=0 /c=0 


m n 




n =0 fc =0 


n=0 fc=0 


By shifting the index n and then the index k, we obtain 


m+2 n—2 


m+1 n—1 


S(m) = Y Tn Y s" (fc+1) s“ (n " 1)+fc - E T " E s“ (fc+1) s“ (n - 1)+fc 


m n 

s -k--n+k + T” ^ s" fc S- n+fc 


n=2 /c=0 

m+1 n—1 

-E r "E 

n=l fc=0 n=0 fc=0 

m+2 n—1 m+1 n 

^ ' rpn ''y ^ 0 —fc——n+fc 

n =2 fc=l n=l fc=l 


n,=l fc=0 


m+1 n—1 m n 


s -k--n+k 


E r ‘E- 


—k——n+k 


S S 

n=l fc=0 n=0 fc=0 


+ E rn E 


s _ fc __ n+fc _ 


□ 


(4.25) 


(4.26) 




—/c——n+/c 


n+/c 
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Adding the terms with index k = n of the second sum to the third sum yields 

m+2 n —1 772 +I n —1 

S(m) = X T n X s - k s~ n+k ~ X T ” ' 


s s 

n=2 fc=l 
m+1 n 

+ E r, E 

n=l fc=0 n=0 fc=0 


s -k--n+k 


n= 2 fc=l 

m n 

—k——n-\-k . \ A rpn \ A —fc——7i+fc 


E^E- 

n=l fc=0 
m+1 

jim+2 ^ ^ fc——(m+2)+fc _ jnm+l ^ ^ fc——(m+l)+fc _|_ ^ 


ss + > J >ss 

m+1 m+1 


fc=l 


_jim+2 


1 m 

4e 


k=0 

m+1 


S - k S-m+ k 


rpm+ 1 s -fc_-(m+l)+fc _|_ 2- 


/c=0 


fc =0 


□ 


Lemma 4.3. Let T € S 0,1 (V^) and s € H with ||T|| < |s|. Then the identity (4.23) holds 
true, that is, 

( X j (sX - T) _1 (T 2 - 2Re(s)T + |s| 2 X) = X. 

\n=0 / 

Proof. The considerations before Lemma 4.1 showed 

( X X”s _n_1 J (si - T) _1 (T 2 - 2Re(s)T + |s| 2 X) 


vn=0 
oo n 


XX Tfca_fc ( TI-1 


l\n—/c 


72—0 fc=0 


-^r 2 -( s - 1 + s- 1 )x + x). 


Lemma 4.2 implies 


E r 

V.72—0 


72 ^ — 72— 1 


(sX - T)~\T Z - 2Re(s)X + |+X) - X 


= lim ||5(m)—X|| 

772—>-00 


= lim 

m—> c« 


m+1 


2 m +l Ny ' k—— (m+l)+fe _|_ rpin+2 _j_ y ^ 

fc =0 

1 


S - k S~ m+ k 


k=0 

772+1 


772+2 


E 


< lim ||T|r +1 X |s|+s+ m+1 ) +fc + ||T|| 

772—^OO ^ J 

k=0 k=0 

, ,>iirir+ i i , , „jmr+ 2 „ 

= + ^-jipr- + (™ + 2 )yp« = 0 

because ||T|| < |s|. Hence, (4.23) holds true. 


s\- k \s\- m+k 


□ 


5. Slice hyperholomorphic powers of the resolvent operator 

Recall that the product rule ( fg)(T ) = f(T)g(T ) for the ^-functional calculus does only 
hold true if / 6 -A/+ T ) and g € SM k s(T) or if / 6 SM„ s ( T ) and g G J\f as (T)- This is 
due to the fact that, for f,g € iSA+ / T ) or for f,g € »S.M+ T ), the product /g does in 
general not belong to SA^a s (T) res P- ^ on the other hand one considers the left 

slice hyperholomorphic product f*ig of two left slice hyperholomorphic functions, then it is 
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not clear to which operation between operators it corresponds. Similarly, in the right slice 
hyperholomorphic case, it is not clear how to define the * r -product between two operators in 
general. However, at least for power series of an operator variable, we can use the formulas 
(2.11) and (2.12) to define a their -kg- resp. * r -product. 

Definition 5.1. LetT £ H 0 , 1 (14). For F = Y1 Y=o T n a n andG = T n b n withag,bg £ M. n 

for HN, we define 

oo / n \ 

ft ' G :=E r EoA-‘ • 

n=0 \k=0 ) 

For F = J2 Y=o a nT n an d G = Yju= o b n T n , we define 

oo / n \ 

F-k r G := E I E a k b n-k I T n . 

n= 0 \fc=0 ) 

Remark 5.2. Note that F-kgG = FG if a n £ M for any n € N. In this case, the coefficients 
a n commute with the operator T, and hence, 

oo / n \ oo n 

F-kgG = E T " E = E E T k a k T n ~ k b n _ k = FG. 

n= 0 \k=0 ) n= 0 k= 0 


Similarly, F-k r G = FG if b n £ M for any n £ N. 

Corollary 5.3. Let T £ B G, 1 (y n ) and let f(x ) = YlY=o xn<l n an d d( x ) = YYY=o xn bn be two 
left slice hyperholomorphic power series that converge on a ball B r ( 0), of radius r > 0 and 
centered at 0, with crs(T) C B r ( 0). Then 

f(T)* e g(T) = ( f* t g)(T ). 

Similarly, for two right slice hyperholomorphic power series f(x) = YlY=o anXn an d d( x ) = 
'f2Y=o^ >nXn that converge on a ball B r { 0) with crs(T) C B r ( 0), we have 

f(T)* r g(T) = ( hr~g)(T). 

Proof. By the properties of the 5-functional calculus, we have f(T) = T n a n and g(T) = 
J2 Y=o Tn b n - Hence, 

oo / n 

f(T)* t g{T) = E r " E akK-k 

n =0 \k=0 

= h! 

Z7T J9(!7nC/) 

= E [ Sfi\s,T)ds I fk e g(s) = (f*gg)(T). 

Z7T Jd^uncp 

An analogous computation shows the right slice hyperholomorphic case. 

□ 



Recall from Example 2.18 that 5 i 1 (s,x) = (s — x) * l and that 5 R 1 (s,x) = (s — x) * r . This 
motivates the following definition. 

Definition 5.4. Let s£l. For n £ Z, we define 

5£(s, x) := (s — x)* in and 5^(s, x) : = (s — x)* rTl . 
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Corollary 5.5. Let s£i, For n > 0, we have 

n / \ n 

SlM = £(" (-x)V-‘ and SS(s, i) = £ I? )»"-*(-!)' 


k =0 


k =0 


(5.27) 


and 


|2\ — n 


S L n (s, x) = (ar — 2sqx + |s| 2 ) n (s — x)* en and S R n (s, x) = (s — x)* rn (x 2 — 2sqx + \s 

(5.28) 

Moreover, for m, n > 0, we have 

Sf n {s, x)* t Sj^(s, x ) = (x 2 - 2s 0 x + |s| 2 )- (n+m) [(s - x)*‘ n * £ (s - x)** m ] 

and 

S R n (s,x)* r S R m (s,x ) = [(a - x)^ n * r (s - x^” 1 ] (x 2 - 2s 0 x + |s| 2 )" (n+m) . 

Proof. For n = 0, we have (s — x)* f0 = 1, and hence (5.27) is obviously true. Assume that it 
holds true for n — 1. Then (2.11) implies 

S2(a,x) = (s - x)* en = (a - - x) = (s - x^M*^ + (a - x^-^-x) 


n—1 

E 

k =0 
n—1 

E 


n — 1 


n — 1 


n—1 


(_ x )fc s n-fc + £ 


k=0 


{-x) k s n ~ k + Y^ 


n — 1 


n — 1 
lfe-1 


(-x) fc+1 s 


fc+1 n—1—k 


(-x) k s n ~ k = 


e ; (-*> 


-x) fc a n " fc 


fc=0 v 7 fc=l v 7 fc=0 

and (5.27) follows by induction. 

We also show the identity (5.28) by induction. It is obviously true for n = 0. Assume that 
it holds true for n — 1 and observe that (x 2 — 2sqx + |s| 2 ) -1 £ A7(H[ \ [a]). Corollary 2.17, (i) 
yields 

S R n (s , x) = (a - x)~* l{n ~ l) -k £ (s - x)-* 1 

= (x 2 — 2sox + |s| 2 ) _ ^ _1) (s — x)**( n_1 ) [(x 2 — 2so® + |s| 2 ) _1 (s — x)] 

= (x 2 - 2s 0 x + |s| 2 )—(**—!)*^(s - xY^htix 2 - 2s 0 x + |a| 2 ) _1 ^(s - x) 

= (x 2 — 2soX + |s| 2 ) _ ( n_1 )*^(x 2 — 2soX + |s| 2 ) _1 ^(s — x)* £( ' n ~ 1 ^*£(s — x) 

= (x 2 -2s 0 x + \s\ 2 )- n (s-x)* en . 

Finally, (i) in Corollary 2.17 also implies for m,n> 0 

Sl n (s, x)MSl m {s , x) = [(x 2 - 2s 0 x + |s| 2 ) _n (s - x)*‘ n ] * e [(x 2 - 2s 0 x + |s| 2 )- m (s - x)*« m ] 
= (x 2 - 2s 0 x + |s| 2 )“ n A £ (s - x)**%(x 2 - 2s 0 x + |s| 2 )- m ^(s - x) nm 
= (x 2 — 2sqX + \s\ 2 )~ n -k £ (x 2 — 2sqX + |s| 2 ) _m A£(s — x)* en -k £ (s — x)* em 
= (x 2 - 2s 0 x + |s| 2 )- (n+m) \(g _ x)^ n+m h e {s - x)** r 
The right slice hyperholomorphic case can be shown by similar computations. 

□ 


Definition 5.6. Let T £ B 0,1 (V n ) and let s £ ps(T). For n, m > 0, we define 
S~ n ( s , T ) := (T 2 - 2s 0 T + |s| 2 J)- n (sX - T)^ n 

and 

S R n (s, T)* £ Sl m (s, T) := (T 2 - 2 s 0 T + \s\ 2 Z)~( n+rn) [(si - T)* en * £ (sl - T)^ m ] . 
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Similarly, we define 

Sfi n (s, T ) := (si - T)* rn (T 2 - 2 s 0 T + \s\ 2 Z)~ n 

and 

Sfi n (s,T)* r Sfi m (s,T) := [(sl-T)* rn * r (sl-T)* rm } ( T 2 - 2s 0 T + \s\ 2 Z)~^ n+m \ 

Remark 5.7. Because of Lemma 5.5 and Corollary 3.10, this definition is consistent with 
the S-functional calculus in the sense that 

Sj"( S ,T)=[Sj"( S ,-)] (T) 

and 

V(»TWV"p.T) = [V(»,.)*,V(»,.)] (T). 

However, note that the notations Sfi n (s,T) and Sf n (s,T)-k£Sf m (s,T) are purely formal. 
They can only be interpreted as the ^-products of the operators Sf n (s,T) and Sj m (s, T), 
if |s| is greater than the spectral radius r(T ) = sup{|s| : s £ ag(T)} of T. Otherwise, 
the operators Sfi 1 (s,T) and T) do not admit a power series representation and the 

respective ^-products are not defined. 

We conclude this section with a corollary that will be useful in several proofs of the following 
section. 

Corollary 5.8. Let s = so + Isi £ M and n,m £ No- If x £ C j, then 

(s - x)*‘ m * t (s - x)** n = (s- x) m (s - x) n (5.29) 

and 

Sf m (s, x)* £ Sf n (s, x) = (s- x)~ m (s - x)~ n . 

Moreover, for any n £ No, the function 

n 

- x)^ k+l) M(s - x f^ n ~ k+1) (5.30) 

k=0 

is a polynomial with real coefficients. 

Proof. If a: £ C/, then s, s and x commute. Hence, it follows from (5.27) and the binomial 
theorem that (s — x)* em = (s — x) m and (s — x)* in = (s — x) n . From Remark 2.12, we deduce 
that (5.29) holds true. Since x and s commute, we also have 

Sf m (s, x) = (x 2 - 2 s 0 x + |s| 2 )- m (s - x)** m 

= ((» - x)(S - x))-” Y, (f) 

= (s - x)- m (? - x)- m (s - x) m = (8 - x)- m . 

An analogous computation shows Sf n (s,x) = (s — x)~ n . Remark 2.12 implies 

Sf m (s, x)*tSl n (s, x) = (s- x)~ m M(s - x)~ n = (s- x)~ m (s - x)~ n . 

Finally, we consider the sum (5.30). We denote 

n 

P(x) := - x)*^ k+1) * e (s - x) n{ - n ~ k+l \ 

k=0 
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The restriction Pj of this function to the plane C j is the complex polynomial Pi(x ) = 
— x) fc+1 (s — x) n ~ k+1 . From the relation 


Pi(x ) = ^(s — x) fc+1 (s — x) n fc+1 = £( a — x) fc+1 (s — x) n ~ k+l = Pj{x), 
k =0 k =0 

we deduce that its coefficients are real. Consequently, P = ext l(Pi) is a polynomial with 
real coefficients on M n . 

□ 


6. Power series expansions in the operator variable 

The following result clarifies how one has to measure the distance between a point s £ Ps(T) 
and the S'-spectrum of T. 

Lemma 6.1. Let A C M n+1 be axially symmetric and let s = sq + Is\ £ EL Then 

dist(s, A) = dist(s, A n Cj), 

where dist(s,yl) := inf{|s — x\ : x £ A} denotes the distance between s and the set A. 

Proof. For x = xq + I x x i £ A denote xj = x o + lx\ and chose J £ § with / 1 J such that 
I x £ span{/, J}. Then x = Xo + x\I + X 2 J with x 2 + x\ = |x| 2 = x 2 , and in turn 

|s — xi| 2 = (s 0 - ^o) 2 + («i - x\) 2 = (s 0 - x 0 ) 2 + s 2 — 2sixi + x 2 

= (s 0 - Xq ) 2 + s\ - 2si \J X 1 +X 2 + x\ + X 2 

< (so - Xq ) 2 + sj- 2s\Xi + x\ + x l = (so - X 0 ) 2 + (si - Xi) 2 + x\ = |s - x| 2 . 
Since A is axially symmetric, we have {x/ : x £ d} C AflC/. Consequently, 
inf Is — xI < inf Is — x| < inf Is — xA < inf Is — x|, 

x£A xGAdC/ x£A x(LA 


and in turn, 


dist(s, A) = inf |s — x| = inf |s — x| = dist(s, A n C/). 
xeA xeAnCj 


□ 


Proposition 6.2. Let T £ B 0,1 (V n ) and let C C R n+1 with dist(C, as(T)) > e for some 
e > 0. Then there exists a positive constant Kt such that 

IIV>,’><V‘P,r)||<-|A and || V”(»> 7 ><V‘(»> T )II < ( 6 . 3 i) 

for any s £ C and any m, n > 0. 

Proof. Let U be a T-admissible domain, such that dist(C, U) > e. We chose s = so + Is\ £ C. 
By Corollary 5.8, we have Sj j m (s,x)-kiSj n ifs,x) = (s — x) -m (s — x)~ n for any x £ C/. 
Lemma 6.1 implies dist(s,£7 fl C/) = dist(s, £/) > e. Since U D C/ is symmetric with re¬ 
spect to the real axis, we also have dist(s, U n Cj) > e and we deduce 
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\SL m (s,T)-k £ S^ n (s, T)|| = 


< 


< 


[ si\p,T)d PI si m {s,p)nSi n ^p) 

Z7T Jd(u nC/) 

A*- [ Sj j 1 (p,T) dpi (s — p)~ m (s — p)- 1 

Zn JdpJnCi) 

7T~ I H 5 l 1 (p> t )|| dp | {s - p)~ m (s - p) 
Z7T Jd(uc\Ci) 

^ [ \\s- l \ p ,t)\\ d P 1 

Z7T Jd(unCi) 

1 


Hence, if we set 


then 


Kt '■= sup 


£-ra+n 


JeS 2 tt jQ(i/ n cj) 


\SZ m ( Sl T)*eSZ n (s,T)\\ < 


Sl\p,T)\\ dp , 
K t 


r m+n • 


where the constant Kt depends neither on the point s £ C nor on the numbers n,m> 0. 

□ 

Theorem 6.3. Let T £ B 0,1 (V n ) and let N £ B 0,1 (V n ) such that T and N commute and such 
that as(N) is contained in the open ball B e ( 0). If dist(s, as(T)) > e, then s £ ps(T + N) 
and 

oo / n \ 

((T + JV) 2 - 2sq{T + N) + |s| 2 l) _1 = 5 Z (fc+1) ( s > r)**S“ (n_fc+1) (s, T) JV”, 

n=0 \k=0 ) 

where the series converges in the operator norm. 

Proof. We first show the convergence of the series 

oo / n \ 

£( S ,T,iV) := X] ^5- (fc+1) ( S ,TW5- (n - fc+1) (s,T) N n . 

n =0 \k=0 ) 

Since as{N) is compact, there exists 6 £ (0,1) such that as(N) C Bg e ( 0) C H e (0). Applying 
the ^-functional calculus, we obtain 


||iV m || = 


< 


hi 

hi 


SCEMOlnCj) 


a(B ee (o)ne/) 


Sp(s,N) d Sl s m 
|5^ 1 (s, N )|| ds |s| 


for any m > 0. Hence, 


2lT Jd(Bg e { o)nCj) 

||AHI < K N {9e) 


AT)|| ds(deY 


(6.32) 


K n : = 


'-hi 


d(B ee ( o)nCj) 


|S^( S ,]V)|| ds. 


with 
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From Proposition 6.2, we deduce 


£ Sl (k+1 \ s , T)*,Si (n - t+1 \s,T) ) N’ 


E 

n =0 \k =0 

oo n 

sEE| 5" (fc+1) (s, T)^Sl {n ~ k+l] (a, T)|| ||iV"|| 

n=0 k =0 

< X>+ ^ E>+1)"” 

n=0 n=0 


By the roots test, this last series converges because 0 < 9 < 1. The comparison test yields 
the convergence of the original series T,(s,T,N ) in the operator norm. 

From Definition 5.6 and the fact that T and N commute, we deduce 

£(s, T, N)((T + N ) 2 - 2 s 0 (T + N) + |s| 2 X) 

= (£ \J2s~ ik+1 \s,T)-kt>S^ n ~ k+1 \s,T) j lV n J ((T 2 — 2T./V + N 2 — 2sqT — 2sqN + |s| 2 Z) 
\n=0 \k= 0 / / 

oo / n \ 


=ET - 2s 0 T + |s| 2 X)~ (n+2) ^(sZ - T)*^ (fc+1) * £ (sJ - r)*<( n-fc+1 ) N n (T 2 - 2s 0 T + \s\ 2 l) 

n=0 \k=0 / 

oo / n \ 

+ J^(T 2 - 2s 0 T + |s| 2 Z) _(n+2) J](aZ - T)*^ k+1 h e (sl - T)**("- fc+1 ) N n (2T - 2s 0 l)N 

n=0 \k=0 / 

oo / n \ 

+ J^(T 2 - 2s 0 Z + |s| 2 Z)“ (n+2) J](aZ - T)* e{k+1) -k e (sl - T) n{n ~ k+1) N n N 2 . 

n=0 \k=0 / 

Applying Corollary 5.8 and the 5-functional calculus, we see that any sum 

n 

_ ^+1) 


/c=0 


is a polynomial in T with real coefficients and so it commutes with the operator T 2 — 2sqT + |s| 2 Z. 
Remark 5.2 implies 

S(a, T, N ) ((T + IV) 2 - 2s 0 (T + IV) + |s| 2 Z) 


OO 

ET- 

2s 0 T+ |s| 2 Z)- (n+1) ( 

n=0 

V 

oo 

+ X > 2 

- 2s 0 r+ |s| 2 Z) _(n+2) 

n =0 


oo 

+ X > 2 

- 2s 0 r+ |s| 2 Z) _(n+2) 


k =0 


r n+l 


n=0 


vfc=0 
^ n 

E< 

\k=0 
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EH 2 - 2S 0 T + |s| 2 X)" (n+1) I ^2(sl - T)^ (fc+1) A £ (sJ - T yt(n-k+ 1) j N n 

n=0 \k=0 / 

OO / n — 1 N 

+ ^(T 2 - 2s 0 T + |s| 2 I) _(n+1) ( - T)* i(fc+1) ^(sZ - T)*^ n ~ k h £ (2T - 2s 0 Z) 


AT 


72=1 
oo 

+ 

n=2 

The identity 


\/c=0 


J^(T 2 - 2s 0 Z + |s| 2 Z) _n ^{sZ - T) n{k+l) * £ (sZ - N n . 

\k=0 / 

T 

(T 2 - 2s 0 T + |s| 2 Z) _Tl (^(sl - T)^ k+1 h £ {sl - 

\fc=o / 


/ 72—1 


=(T 2 - 2s 0 T + |s| 2 Z)“ n |^(sZ ~ T)* ek -ki(sZ - TY^ n ~ k) j 
-(T 2 - 2s 0 T+ |s| 2 Z)“ (n+1) fe( sX 




finally yields 

£(s, r, iV) ((T + iV) 2 - 2s 0 (T + N) + \s\ 2 l ) 


= ^(T 2 - 2s 0 T + |s| 2 rr (n+1) ( - T)* f(fc+1) A £ (sZ - T) n{ - n ~ k+l) 

72—0 \ k= 0 

72—1 

+ J^(sZ - T)^ (fc+1) ^(sZ - Z)^ (n “ fc) A £ (2T - 2s 0 Z) 
k=0 

72—1 \ 

+E(» I - T)*^ fe+1) ^(sZ - J AT, 

k=1 J 

where the empty sum equals 0. Hence, 

OO 

E(s, T, N) ((T + N f - 2 s 0 (T + iV) + |s| 2 Z) = ^(T 2 - 2s 0 T + |s| 2 Z)- (n+1) H n iV n , 

n=0 

with operator-valued coefficients 

72 

A n =^2(sl _ T)*A k+ ^-k £ ^sZ — T)* £ ( n_fc + 1 ) 

k=0 

72—1 

+ ^(sZ - T)*^ fc+1 )* £ (sZ - T)*A n ~ k h e (2T - 2s 0 Z) (6.33) 

k =0 

72—1 

+ J^(sZ - Ty e(k+1 h £ (sZ - T ydn-k+i)' 


k=1 


We have 

H 0 = (sZ - T)*i(sZ - T)* (1 = T 2 - 2s 0 + \s\ 2 Z 

and 

Hi = (sZ - T)* e (sZ - TY l2 + (sZ - Ty e2 * e (sZ -T) + (sZ - Ty el * e (sZ- TyA n (2T - 2s 0 Z) 
= (sZ — T)* £ (sZ — T)* £ (sZ — T — sZ — T) + ( sZ — T)-k £ (sZ — T)-k £ (2T — 2sqZ) = 0, 
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where we used that 

(si - Z)* £ (sZ - T) =T 2 - 2s 0 T + \s\ 2 l=(sl- T)* e (sl - T ). 

By adding the terms for k = 0,..., n — 1 of the fist sum in (6.33) to the second sum and the 
last term with k = n to the third sum, we obtain for n > 2 


71—1 

- T)*^ fc+1 )* £ (,sZ - -T + 2T- 2s 0 l) 

k= 0 

n 

+ J^(sZ - T)*^ k+1 h e (sl - T)**(»- fc +i) 

/C=l 

71—1 

= J^(sZ - Z)^ (fc+1) * £ (,sZ - T)^ (n_fc) ^(T - sZ) 

/c=0 
77—1 

+ J^(sZ - T)^ k+1 K e (sl - T)*^ n - k \ £ (sl - T) = 0. 

k= 0 

Therefore, 

E(s, Z, JV) ((T + iV) 2 - 2s 0 (Z + iV) + |s| 2 Z) 

= (T 2 - 2s 0 T + |s| 2 Z) _1 (Z 2 - 2s 0 T + \s\ 2 l)~ l = Z. 

The coefficients of the series E(s,T, N) are 

n 

^S^ k+1 \s,T)^S- {n - k+1 \s,T) 

k= 0 

n 

= (T 2 - 2s 0 Z + |s| 2 Z)" (n+2) J^(sZ - T)** (fc+1) ^(sZ - T)* e( - n ~ k+1 \ 

k= 0 

Corollary 5.8 and the S'-functional calculus imply that each sum 

n 

J^(sZ - Z)^ (fc+1) * £ (sZ - T ye(n-k+i) 
k= 0 

is a polynomial in T with real coefficients. Therefore, it commutes with T and N. Similarly, 
also the operator (T 2 — 2sqT + |s| 2 Z) -1 commutes with T and N. Consequently, each coeffi¬ 
cient of E(s,T, N), and therefore the entire series S(s,T, N), commutes with T and N, and 
in turn, also with the operator (T + N ) 2 + 2sq(T + N ) + |s1 2 Z. Hence, we also have 

((T + N) 2 - 2sq(T + N) + |s| 2 Z) E(a, T, N) = Z, 

and the operator (T + N ) 2 — 2so(Z + iV) + |s| 2 Z is invertible, which implies s € ps(T + iV). 

□ 

Theorem 6.4. Let T € H 0,1 (V^) and let N € S 0,1 (V^) 6e suc/i that as(N) C H e (0). For any 
s € ps(T) with dist(s, <ts(T)) > e, the identities 

oo oo 

5^(5, T + JV) = ^7V n 5" (n+1) (s,T) and S^(s,T + N) = ^ S~ {n+1) (s,T) N n 

n =0 n=0 

hold true. Moreover, these series converge uniformly on any set C with dist(C, as(T)) > s. 
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Proof. In (6.32), we showed the existence of two constants K^ > 0 and 0 £ (0,1) such that 
||iV|| m < K]sr(6£) m for any m £ No- Moreover, for any C C M n+1 with dist(C, as{T)) > e, 
Proposition 6.2 implies the existence of a constant Kt such that ||5^ m (s, T)|| < Kt/e™ for 
any s € C and any m £ Nq. Therefore, the estimate 


E 

72=720 


n c — ( n +l) / 


\N n S 


( s , T) < y II 


S' 


— (n+l) 


(s,T) 


n=n o 


£ E 

72=720 


KtKn 

£ 


oo 

n ri Q^ro o 

n=ng 



holds true for any s £ C and implies the uniform convergence of the series on C. 
Let s £ ps(T) with dist(s, as(T)) > e. We have 


{(T + Nf - 2s 0 {T + N) + |s| 2 X) Y NU S L (n+1) ( S ’ T ) 

n =0 
oo 

= (T 2 - 2 s 0 T + |s| 2 X) Y N n (T 2 - 2s 0 T + |s| 2 X)" (n+1) (sI - T)** (n+1) 

72—0 

OO 

+ (2T - 2 s 0 l) N Y N n (T 2 - 2s 0 T + | s | 2 X)~ (n+1) (sX - Tf i{n+1) 

72=0 

OO 

+ N 2 Y N n {T 2 - 2s 0 T + |s| 2 X)' (n+1) (sX - T)** (n+1) 

72=0 

OO 

= Y Nn (T 2 - 2s 0 T + |s| 2 X)""(sX - Tf^ n+1) 

72=0 

OO 

+ Y Nn+1 ( 2T - 2s o^) ( T 2 - 2 S 0 T + |s| 2 X)" (n+1) (sX - T)*^ (n+1) 

72=0 

OO 

+ Y N n+2 (T 2 - 2s 0 T + |s| 2 X)" (Tl+1) (sX - T)** (n+1) . 

72=0 


Shifting the indices yields 

OO 

((X + N) 2 - 2 s 0 (T + N) + |s| 2 X) Y NU Sf {n+1 \s, T) 

72=0 

OO 

= Y N n (T 2 - 2S 0 T + |s| 2 X) -n (sX - T)^ (n+1) 

72=0 

OO 

+ Y Nn ( 2T - 2s 0 X) (X 2 - 2 s 0 T + |s| 2 X)" n (sX - T)* tn 

72=1 

OO 

+ Y NU ( t2 - 2s o T + |s| 2 X)- (n-1) (sX - Tf^ n -^ 

72=2 
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=sl -T + N(T 2 - sqT + |s| 2 X) _1 (sX - T)* e2 
+ N(T 2 - 2s 0 T + \s\ 2 l)~ 1 (2T - 2s 0 X)(sX - T)+ 


+ N n (T 2 - 2s 0 T + |s| 2 X) _n (si - T)** (n+1) + (2T - 2s 0 X) (si - T) nr 

n=2 

+ (T 2 -2soT+\s\ 2 l)(sl-T)* ein ~ 1) . 

The last series equals 0 because Remark 5.2 and the identity 

(T 2 - 2s 0 T + |s| 2 X) = (si - T)* e (sl - T) 


imply 

(si - T)^ (n+1) + (2 T - 2s 0 l) (si - T)* tn + (T 2 - 2s 0 T + |s| 2 X)(sX - T)^ (n_1) 
=(sl - T)^ (n+1) + (2 T - 2s 0 l) *e(sl ~ T Y lU + (sX ~ T)* e (sl - T)** n 
=(sl -T + 2T- 2s 0 l + sl- T)*t(sl - T)^ (n_1) = 0. 

Hence, we finally obtain 

OO 

((T + Nf - 2s 0 (T + N) + \s\ 2 l ) N n S^ n+1) (s, T) 

n =0 

=sl -T + N(T 2 - 2 s 0 T + |s| 2 X) _1 (s 2 X - 2 Ts + T 2 ) 

+ N(T 2 - 2s 0 T + \s\ 2 1)~ 1 (2Ts - 2s 0 sl - 2T 2 + 2s 0 T) 

=sl -T + N(T 2 - 2 s 0 T + |s| 2 X) _1 (-T 2 + 2 s 0 T - |s| 2 X) = sl-T-N. 


Since (T + N ) 2 — 2so(T + N) + |s| 2 X is invertible by Theorem 6.3, this is equivalent to 

OO 

Y Nn S~ {n+1) (s,T) = ((T + N) 2 -2s 0 (T + N) + |s| 2 X) _1 (sX — T — N) = S R 1 (s,T + N). 

n=0 

□ 


In order to show the Taylor formula in the operator variable for the S-functional calculus, we 
calculate the slice derivatives of the S-resolvent operators with respect to the scalar variable. 

Proposition 6.5 (Derivatives of the S-resolvent operators). Let T £ B 0,1 (V n ) and let 
s £ ps(T). Then 


d?Sl\ 8 ,T) = (—1 ) m m\S- L {rn+l \s,T) 

(6.34) 

d™S~ R l (s,T) = (—1 rm\S- {m+1) (s,T), 

(6.35) 


for any m > 0. 

Proof. Recall from Remark 2.4 that, for slice hyperholomorphic functions, the slice derivative 
defined in Definition 2.2 coincides with the partial derivative with respect to the real part so- 
We show only (6.34), since (6.35) follows by analogous computations. 

We prove the statement by induction. For rn = 0, the identity (6.34) is obvious. We assume 
that d™~ 1 Sf 1 (s, T) = (—l) m_1 (m — 1)! Sf m (s,T) and we compute d‘^Sf 1 (s,T). Let I s £ S 
such that s £ C/ 3 . If x £ C/ s , then Sf n (s,x) = (s — x)~ n by Corollary 5.8. Applying the 
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5-functional calculus yields 

4r S l m {s,T) = ^-^- f Sf 1 (p,T)dp I {s-pY 

vso os 0 2 ir Jd ( unC Ia ) 

= wz[ Sl\p,T)dp I -^-(s-py 

Jd{unc Is ) os 0 


= —m 


hi 


8(U nc ls ) 


S L (p, T) dpi (s — p) 




and in turn, 


d?Si\s,T) = ^ S- l \s,T) = 1 )iSZ m (s,T) = S^ m+1 \s, T). 


= —m S 


d 


— (m+l) 


s,T), 


ds] 


dsi 


□ 


Theorem 6.6 (The Taylor formulas). LetT £ 7? 0,1 (I4) and N £ £> 0,1 (I4) withas(N) C B e ( 0). 
If f £ SM l (U) for some T-admissible domain U that contains &s(T) and any point s £ M n+1 
with dist (s,as(T)) < e, then f G SM. I f s y r+N ^ and 


OO . 

/(T + A0 = X> n -(d s n /)(T) 

Z —' n\ 


77=0 


Similarly, if f £ SA4 R (U), for some T-admissible domain U that contains crs(T) and any 
point sGi with dist(s, as{T)) < e, then f £ SM^ s ^ T+N ^ and 


oo 1 

f(T + N) = Y J ~ ] (dff) (T)N' 


71=0 


Proof. We prove just the first Taylor formula, the second one is obtained with similar com¬ 
putations. It follows from Theorem 6.3 that crs(T + N) C U , and hence, f £ SM.^ s ^ T+N y 
Applying the 5-functional calculus and Theorem 6.4, we obtain 


f(T + N) = ±- f Sz\s,T + N)d Sl f(s ) 

Z7T Jd(u nc 7 ) 

= 7T / ^^5- (n+1) ( S ,T)rf S/ /( S ) 

2n Jatuncp n=0 

OO -i /■ 

= E iV V / 5- (n+1) ( S ,T)d S7 /( S ). 

2?r Jd(unCr) 


By Proposition 6.5, we have 


S- ( ” +1) ( S ,T) = (-!)” ^Sp(s.T) 


n\ 


Hence, 


/(T + fV) = ^W 


,(~l) n 1 

n\ 2i r 




n=0 - — JatunCr ) 

By integrating the n-th term in the sum n-times by parts, we finally obtain 

OO 11/* OO 1 

/(T + iV) = ^i\P- — / Sf 1 (s,T)ds I (dff)(s) = J2N n -(dff)(T). 

Jd(u n cr) ra! 


77=0 


77=0 


□ 
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Remark 6.7. In Proposition 6.2 it can be C=M. Then we cannot use a slice domain, but 
this limitation is removed when we use the definition of slice monogenic functions as in 
Remark 2.19 which requires just axially symmetric domains. 
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